EXAMPLES OF LAGRANGIAN SYSTEM WHOSE a FUNCTION 
IS NOT DIFFERENTIABLE AT THE BOUNDARY OF THE FLAT 
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Abstract. In this paper, we construct a Lagrangian system of n degrees 
of freedom whose a function has a n-dimensional flat at the lowest energy 
level. At the boundary of the fiat there are 2 n_1 points c;(i = 1, 2, • ■ • , 2 n ~ 1 ) 
of which the Mather set M(ci) supports at n — 1 new minimizing measures 
except the one supported at the minimal fixed point. Besides, at every point 
Ci , all of the new minimizing measures have non-zero rotation vectors different 
from each other. Specially, in the case of two degrees of freedom, this example 
is also stable under small perturbations of potential functions. In the same 
way we can show that similar phenomenon still happen at an arbitrary energy 
level. 



1. Introduction 

In 1991, Mather raised a framework of variational method to deal with Hamil- 
tonian systems and defined a- function and ft- function for the first time [Mat] . Since 
then, many mathematicians have done a lot of research about these two functions 
and got many deep and precise results, such as [Man . Mas] . [Car] . [B-CJ . Thanks 
to their works we now have a clearer understanding of global behavior in general 
Hamiltonian systems. 

Recently, Zheng Yong proved the existence of infinite many minimal homoclinics 
under a special premise in his paper [Zh]. But we still can not explain the exact 
dynamical meaning of this premise. We find his premise is deeply related to the 
property of a-function at the boundary of flat. In fact, the purpose of his premise is 
to make sure the existence of new measure at the boundary of flat. Our construction 
proves the existence of Hamiltonian system with new measure coming out at the 
boundary of flat in arbitrary degrees of freedom case. Moreover, in the case of two 
degrees of freedom, Hamiltonian systems with this property is stable under small 
perturbations of potential functions. 

In an arbitrary degrees of freedom case we can construct the following example: 

n-l 

(1.1) L(x, x) = (x,x) g + ui(x n ) + u 2 {x n ) 2J(1 - cosxi), 

i=i 

here the precise form of the Rlemannian metric g and potential function will be 
given in the later section. With the help of this example we get our main result as 
following: 
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Theorem 1.1. In the case of n degrees of freedom, there exist u\,U2 and Riemann- 
ian metric g such that the a function of (1.1]) has a flat ¥ of full dimension at the 
lowest energy level. There are 2™~ 1 points c,(i = 1,2,- •• ,2 n_1 ) at the boundary 
of the flat with respect to which the Mather set M.(c.i) supports at n — 1 new mini- 
mizing measures. Besides, all of the new minimizing measures have non-vanishing 
rotation vectors different from each other. 

Remark 1.2. By modifying the Remannian metric g we can make all the new mini- 
mizing measures ergodic. Then we actually get n — 1 ergodic minimizing measures 
besides the one supported on the fixed point. 

Remark 1.3. Besides, we can see that in the following section this phenomenon also 
happens at a higher energy level flat. 

Theorem 1.4. In the case of two degrees of freedom, this example is also stable 
under perturbations of potential functions. 

We say a property is open in the sense of Mane if there is an open subset O C 
C°°(M, R) such that the property holds for all the Tonelli Lagrangian L — u,uE O. 
Then we can easily get the following conclusion: 

Corollary 1.5. The following property is open in the sense of Mane of a two de- 
grees of freedom case: 

There is a full- dimensional flat F corresponding to Mane critical value at the bound- 
ary of which the a function is not differentiable. 

The paper is outlined as follows. In Section 2, we state the main background 
information and tools. In Section 3, we give the construction of the examples. 
We also give the proof of stability in the case of two degrees of freedom and some 
remarks in Section 4. 



2. Basic assumptions 



2.1. Tonelli Lagrangian. Let M be a smooth closed manifold. We consider a 
Lagrangian L(x,v) € C r (TM,R) (r > 2), which satisfies: 

• convexity : the Hessian matrix §^ is positive definiteness; 

• superlinearity : lim ^ii"" 1 = oo uniformly with respect to x € M ; 

||v|| >OQ " ' 

Usually we take the manifold M as T™, and (x, x) is the local coordinate. It is well 
known that the Euler-Lagrangian equation is given by: 

ddL dL 

dtdi {x ' x)= dx- {x > x) 
For c € H 1 (T n ,M), we also denote the Tonelli Lagrangian by L — c, which also has 
the previous two properties. 

2.2. Mather Theory. Mather defined the minimizing measure /i as a probability 
measure which is supported on the orbits of Euler-Lagrangian equation and satisfies 
J Ld\i = min^ J Ldv. So we can define a(c) and its dual /3(h) function as: 

H 1 (M , R) R, a(c) = — min / L — cd[i. 

^ JTM 
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Here /j, ranges from the set of invariant probability measures. 



P : Hi(M,R) -> R, P(h)= min / Ldfi. 

The two functions are both continuous, convex and superlinear. In fact, they 
are conjugated with each other in the sense of Legendre transformation [Mat j . [R] . 
From basic convex analysis knowledge we know that if there exists some point on 
the boundary of the flat at which a(c) is not differentiable, then there must be 
extra minimizing measures with non vanishing rotation vectors coming out. Hence, 
we just need to construct an example whose a function is not differentiable at some 
point of the boundary of the flat. 



3. Construction of the example 



Use the following example we can get our result in Theorem ll.il 
3.1. the lowest energy level case. We construct the Lagrangian as follows. 

n-l 

L(x,x) = (x,±) g + ui{x n ) + u 2 (x n ) y^(l - COS 2^) 

i=l 

where (x, i) € T™ x R™ and x — (x±, x 2 , ■ ■ ■ , x n ). U\{x n ), U2(x n ) and the Ricmann- 
ian metric g are constructed as follows. 

First, we make several channels on the T™ along the n-th coordinate x n . 

{channel A : T™ x \-^-, ■£■}, T = R/2tt, 
channel B { : T™ x - ^ + i = 1, 2, • • -n - 1, 
channel C* : T" x \^DJL _ Ql^DjL + * ] j = i 2 , . . . „, 

obviously, channel Bi and Cj are just constructed by shifting channel A along the 
x n coordinate. It is easy to see that A and Bi are separated by Cj. 

!0, x n in channel A, 
K 1, x n in channel Cj and j = 1, 2, • • • n, 
< 5j <C K, x n in channel i?i and i = 1, 2, • • • n — 1, 

where the values of <5,: will be given later (in fact it is enough to take < Si < |) 
and ui(a; ra ) can be made smooth enough. 



(3.2) u 2 (x n ) 



1, x n in channel A, 

0, x„ out of some small neighborhood of channel A, 
and we can also make U2(x n ) smooth enough. 

At last, we construct the Riemannian metric (x, x) g = o-i{x) 2 xl as follows: 



G 



I a\{x) ••• \ 

2 ' 
2 



a\(x) 



■. 

\ al(x) I 

\ n\ i / „ x „ 
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is the metric matrix which is diagonal. For x n in channel A, 

G = Id n xn 

For x n in channel Cj, j = 1, 2, . . . , n, 



( K ••• \ 
if 



G 











V OKI 

\ / n> 

For x n in channel fc = 1, 2, . . . , n — 1, 



G = 



\ 










•. 



I / 

8 / nxn 



— > T" 1 induces a homomor- 
^(Tr.R). Let U = Im(p*) 



( \ o 








V o 



where \ is in the fc-th row and A:-th column. 

The projection along the n-th coordinate p : T™ 
phism of the cohomology map p* : iJ 1 (T Tl_1 ,M) — 
as the subset of the 7J 1 (T™,R) with the n-th coordinate c„ = 0. 

We denote the restriction of Lagrangian L on the channels A, Bi and Cj by La, 
Lb { and Lc r Also we could use «yi(c), ceBi(c) and acj( c ) to denote the a function 
of L restricted to A, B i} Cj separately, here c <G %. 

Moreover, we could calculate cha(c), as,(c) and (c). 
otA(c) = — min J La — cdfi, 

/n—l n—l 
(v, v) g + ^(1 - cos a;i) - ^2 CiVidfi, 
i=i i=i 

~ n—l 

/I—I r. 

i[n Yl / 



mm 



ri-1 
i=l 



" 2 + (1 - cosxi) - CiVi)d{i, 
•■ 2 ' (1 — cosxi) — avi)dfi, 
min / (vf + (1 — cosxi) — CiVi)dfi. 
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It is easy to see that La consists of n — 1 independent pendulum systems. Hence, 
a A has a fiat at ^J"" 1 C W. 

a Bi( c ) = — min L Bi — cdfi 



/n — l 
(v, v) g + Si - CiVidfi 



i=l 



= ~ 6 i + J2 16C ' - 12C *' * = 1,2, 1- 



fc=l 



In fact, if we take ^ < ±, the level set 0^(0) C [-^, ^p]™" 1 C H. 

The following lemma gives the relationship between a function of L on T™ and 
a function of L restricted to channel A and Bi. 

Lemma 3.1. 

a L (c)= max {a A ,a Bi }, 

1=1,2, ■■■ ,n—l 

where c= (ci, c 2 , • • • , c n _i) e "H. T/iis Lemma is still right under small perturba- 
tions of potential functions 

Proof. First, we have chl(c) > a^(c), and «l(c) > Qb ; (c). It follows since the 
action of the local minimizcr is bigger than the global minimizer. Hence, 

c^l(c) > max {a^a^}. 

2=1,2,--- ,n— 1 

On the other hand, from [Mn] we know that every minimizing measure can be 
approximated by a sequence of measures supported on absolutely continuous closed 
curves, so we just need to certify that every closed curve 7 in T™ has a larger action 
of the Lagrangian L — c* than its projection 7* to T™ _1 in some channel A or Bi, 
here c* = (ci, C2, ■ ■ ■ , c„_i, 0) € "H. It follows from 

[ L-c* - f L-c* > f a 2 n il + u x {x n ) 

> 0. 

Hence, 

a L (c) < max {a A ,a Bi }- 

i=l,2,-" ,n— 1 

If another Lagrangian L' is C 1 close to L, i.e. L' = L + V(x) and ||V||t- < e <C 
<5i, i — 1, 2, • • • , n — 1. Now the channels A, i?j and Cj will be deformed with an 
magnitude not bigger than e. So these new channels denoted by A' , B[ and Cj 
have the same homology group with A, Bi and Cj each. Without loss of generality, 
we can denote these channels' e neighborhoods by A, Bi and Cj and avoid the 
deformation. 

If the closed curve 7 is just in channel A, this Lemma is still right. If the n-th 
component of the homology type of 7 is not zero, it must cross A and at least one 
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Bi, then we project the part outside of channel A to channel A with the n — th 
coordinate keeping constant, which is denoted by (7 l~l A c )* and: 

/ L'-c* - f V -c*> f Ka 2 n + K 2 

> K 2 (T 2 - 7i) + — %- [ 2 j 2 n dt [ 2 ldt 

> k 2 (t 2 - + t^ i t F { r ^ 2 

> 2^/K x K 2 ■ width(Ci) 
>0, 

here K\ and K 2 could be both positive and sufficient large. In fact, K\ = K 2 and 
K 2 = K — e^$> -|- if we take e sufficiently small. The width of some channel Ci is here 
because A and Bi are separated by at least one Ci. We denote the two endpoints 
of (7 n A c )* by a, b. Obviously these two points are both in channel A. Then we 
connect these two points with a geodesic curve ( and (7 n A c )* U C, U (7 n A) = £ 
form a closed curve. But we know dist(a, b) < y/n, and 

L'(CC)-(c*,Odt<e+l+ f\t\ 2 dt 

Jo 

<n + l + e. 

Here we could always choose a proper £ satisfying J Q (c* , Q > because T" is 
a closed manifold. Then we could take sufficient large K such that n + 1 + e < 
2\JK\K 2 ■ width(Ci) . So £ has smaller action value than 7, that means there exists 
a measure in channel A with smaller action value. Then 7 must have a homology 
type with zero n-th component. 

With the help of this, we can directly project 7 n A c to channel A with the 
n — th coordinate keeping constant and we needn't extra curve to make it closed. 
Obviously this curve in A has a smaller action value. So if [i is the minimizing 
measure of L at C* and 7 is the orbit in its support, we must have either 7 C A or 
7 c A c . 

For the other case 7 C A c , we can give a similar proof and project 7 into some 
channel Bi with n-th coordinate constant. Since all the possible cases are finite 
many, we can always take a sufficient large K. Therefore, the lemma is proved. □ 

Remark 3.2. The stability property under perturbation in this lemma will be used 
in the next section. Also we can see [5] for more details about this Lemma. 

Now, we have constructed our first example of n degrees of freedom. First, 
a£ 1 (0) is a lowest flat of n— 1 dimensions, here c € %. This is because aB,(c) — 
Si + ElZl 16c 2 , - 12c 2 and a B ){Q) C C U. 

Second, we could find 2™~ 2 pairs of points which are diametrical with each other 
at the boundary of the fiat. Also at these points cki(c) is not diffcrcntiablc along 
at least n — 1 different directions, since as ; (c) cross the flat [— i^I, iVIjn-i f rom 
inner and ai,(c) = max^i^,... , n -i{&A, More precisely, the coordinates of 
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these points in H are easy to write down when (<5 ; 



— 2' 



1 1 
(± -====, ± -====, ■ ■ ■ , ±- 



*j8(4n - 7) ' a/8(4ti - 7) ' ' V 8 ( 4 ™~ 7 )' 



At each point, there are n — 1 more measures besides the fix points in channel A. 
Notice that there is not only one fixed point in the channel A, but we can shrink 
channel A to just one line {x n = 0} since x n ia a free variable. Also we can see that 
the extra n — 1 new measures are all Lagrangian invariant torus consist of periodic 
orbits, but we can change the Riemannian metric in the channel Bi to make all the 
new measures quasi-periodic KAM torus. 

At last, we show that the lowest level flat is indeed of full dimension. That's 
because in the interior of the flat, we have: 

M(c)=Af(c), VceintF, 

and we also knows that ftA(c) just consists of the fixed points. So we could make use 
of the upper semi-continuous property of the Af(c) and expand the flat along the 
directions of H\(M, .4(0), K). We also recall that all the sublevel set {c|a(c) < h} 
is a convex set. So in fact we get a full dimensional flat at the lowest level. See |Zh] 
for more details, but for the sake of completeness we also give our proof below: 

Lemma 3.3. If c e H x C 7Ji(T n ,R), there exists a sufficient small A< 1, such 
that there exists aflat [—Ac, Ac] along the direction of c. 

Proof. By the upper semi-continuity of set- valued function c — > A/"(c), we know 
for sufficiently small A, Af(Xc) is still in channel A because A4(0) = A(0) = A/"(0) = 
{0} € R". Then: 

-a(Ac) = J L- Xcdfixc = / Ldfi Xc - (Ac, [^ Ac ]> = / Ldn\ c > J Ld^o = -a(0), 

so we have a(±Ac) < a(0), where the —Ac case is the same with Ac. We get 
a(±Ac) = a(0) because of the convexity, and then Oe,(c) has a full dimensional flat 
at the lowest energy level. □ 

3.2. the higher energy level case. Now, we show that the same phenomenon 
can happen at a higher energy level. 

For the sake of simplicity, we set n = 3 and it's easy to generalize the example 
to a higher dimensional case(n > 3). We could take the Lagrangian as: 

iai(x)(xi - l) 2 + -a 2 (x)xl + -i 

We just need set two C-type channels , one A-type channel and one B-type channel. 
The settings of u\ and u 2 is the same with the previous subsection. Since we still 
restrict the cohomology to H, so we have ±3 = and: 

L Ci > ^{xx-lf + K, 1 = 1,2, 
Lb = i(ii"l) 2 + X2 + S, 



L ( x , x ) = 7; a i( x )( x i - l ) 2 + n a 2{x)±l + -a 3 (x)xl + ui(x 3 ) + u 2 (x 3 )(l - cosx 2 ) 
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and 

La = ^(^i - !) 2 + + (1 - COSX2). 
Then Lemma T3. II is still valid: 



Based on our calculation and C3 = 0, the set {a a = 0} is (0, [— ^^], 0), which 
is a flat of one dimension. And {as — 0} is an elliptical curve with expression as 

Restrict to c\ = and we find that the elliptical curve go across {«a = 0} from 
inner with the intersection points' coordinates (0, ±2y/5, 0). For the purpose of 
showing that oil is not diffcrcntiable at this two points (in fact we just need show 
that for one point), we need to calculate the directional derivative along e 2- 

dia L (0,2VS,0) = d e - 2 a B (0,2^,0) = VS, 

and on the other hand 

dga L (0, 2V5, 0) - dg 2 a A (0, 2^6, 0) = 0. 

So az,(0, 2-\/^, 0) is not diffcrcntiable along the direction e-i- That means at this 
point (0, 2y/S, 0), there exists an extra minimizing measure besides the closed curves 
T x {0} x {0} which is of a different homology. 

Remark 3.4. With the upper semi-continuous property of the 7V(c), we can see that 
in the case of three degrees of freedom the flat is in fact of two dimensions Zh . The 
following graph shows the exact situation of the flat. 




Figure 1. 
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4. Stability of the two degrees of freedom case 

In this section we prove the conclusion of Theorem ll.4l in the case of two degrees 
of freedom. 

We take e <C t 2 <C S <C 1, and shrink the width of channel A and B to the 
order of 0(e) for the sake of simplity, and r is used to control the value of potential 
function. Later we will explain their usage precisely. A ball in C r (M, R) centered 
at "0" with a radius of e is denoted by B(0,e). Any perturbation function V(x) 
in it can't break the intersection property of a a and as but just deform them 
of a e order change (see the following graphs). This is because the continuity of 
a- function with respect to Lagrangian L. 




Figure 2. 



So in a small neighborhood of point a, there is still an intersection point a' of 
ctL>.A and civ ,b, here L' = L + V. With the help of Legendre transformation, the 
Hamiltonian H' dual to L' is still a quadratic mechanical system, so the a function 
is axial symmetry. So we just deal with a' point and we can also get the same 
conclusion of 6'. As is known, the maximal potential value is equal to a' L , ^(0), 
which is the minimizing value of a' L , A function [Car]. Without lose of generality, 
we suppose this value is still 0. If not, we can add a constant to L + V without 
influencing the property of a function. 

Still restrict to "H, the curve a'o may be no longer a straight line, we will consider 
the two different cases separately in the following and disprove both of them. From 
Lemma 13. 11 we know M(a') have at least two ergodic minimizing measures, one 
in channel A and the other in channel B. We denote the one in channel A by 
/i a '. A and the other fi a ',B- From the construction of channel A, the support of this 
measure can only be a periodic orbit with a rotation vector (/ii,0) because of the 
restriction of homology. 

If h\ = 0, we could see that the curve a'o is in fact a straight line and from 
|Masj we know .4.(0) C A(a'). But e <C 6, so ^ a '.B couldn't have a trivial homology 
because of the convexity of the oll' ,b- So we get that not only a'ob' is straight, but 
also cxl 1 is not differential along H direction. So we get the stability of the example. 

If hi > 0(the same with hi < 0), we let a' — > a" , here a" is the first point 
with aL',A(a") = 0. Here the case a" = is possible. Then we know that [o",0] 
is a flat and M(0) C A(a"), and A(a")\ M(0) [Zh]. Then there must exist a 
homoclinic orbit or a periodic orbit in A(a"). 

For the homoclinic orbit case, because the maximal points of potential value 
are contained in a neighborhood of (0, 0) of a radius of order O(e) (that's why we 
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b' 



a" 



Figure 3. 



shrink the width of channel A,B), the minimizing homoclinic is asymptotic to this 
neighborhood B(0,e). For any c e [a 1 , a"], M(c) can only be made up of periodic 




r — neighborhood 

Figure 4. 



orbits in channel A. Under the weak topology of probability measures, there exists 
a sequence c„ — > a" and /Uzy lC „ — 1 Mz/,o € M(0). And the minimizing homoclinic 
orbit 7 is contained in the Hausdorff limit of supp{/j, Cn }. As 7 is a static orbit in 
A(a"), so 



(4.1) / L\^)dt=(a",[i\), 



here the (, ) is the inner product induced by de Rham. In fact, (a", [7]) is really a 
scalar product because the homology of channel A and a" £ H. As e <C t 2 <C S <C 1, 
we have 



/-f-oo f-\-oo 
L'( 7 ,j)dt= (7,7) S+Ul ( 72 (t)) 
CO J —OO 



+ w 2 (72(i))(! - cos(7i(i))) + V(7(t))dt 

> / (7i 2 + 72 2 ) +Ul(72(*)) 

+ w 2 (72(i))(l - cos(7i(i))) + K(7(t))dt, 



here 7 |[-t,t] is the P ar t of 7 outside the 0(t) neighborhood of (0,0). Recall that 
e « r 2 « i « 1, we can get a positive lower bound of potential function out of 
O(t) neighborhood of (0,0). As we have supposed max^g^ — Mi(a;) — m 2 (x)(1 — 
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cos(x)) — V(x) = 0, and the width of channel A is of order 0(e), we have: 

f+T 

(7i 2 + 72 2 )+wi( 7 2(i)) + u a (7ia(t))(l - cos( 7 i(t))) + V(7(*))* 

T 

/■ +T 

> / 7i 2 + 1 — cost — edt 

J-T 

2 ™ . 1-cosr-e, 

7i H ; «7i 

7i 



>2(2tt - 2t)V1 - cost - e, 
here (71,72) is the coordinate of 7. 
At the same time, we have: 

(a", [7]) =a"7Ti([7]) 



>2(2tt - 2t)%/1 - cost - e, 

because [7] = (1,0). We already have a" < a'. Specially we take r = ^7r, then 
2(27r — 2r)-\/l — cost — e > ^. But the Riemannian metric can be modified in 
channel B to make a' < ^ and there will be a contradiction to our assumption. 

For the periodic orbit case, we can give a same proof as above. And we just need 
to modify the integral lower and upper bounds to finite in (I4.1|) and (|4.2[) to get a 
same contradiction. So we get the stability property of the example in the case of 
two degrees of freedom. 

Acknowledgement The author thanks Prof. C.Q.Cheng and W.Cheng for talking 
about the details, and thanks L.Wang for suggesting this problem to me. 
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Abstract. In this paper, we construct a Lagrangian system of n degrees of 
freedom whose a function has a lowest n-dimensional fiat. At the boundary of 
the fiat there are 2 n_1 points Cj(i = 1, 2, ■ • ■ , 2 n ~ 1 ) of which the Mather set 
M(ci) supports at n — 1 new minimizing measures except the one supported at 
the minimal fixed point. Besides, at every point a, all of the new minimizing 
measures have non-zero rotation vectors different from each other. Specially, 
in the case of two degrees of freedom, this example is also stable under small 
perturbations of potential functions. In the same way we can show that similar 
phenomenon still happen at an arbitrary energy level. 



1. Introduction 

In 1991, Mather raised a framework of variational method to deal with Hamil- 
tonian systems and defined a- function and /3- function for the first time [Mat] . Since 
then, many mathematicians have done a lot of research about these two functions 
and got many deep and precise results, such as [Man . Mas] . [Car] . |B-C] . Thanks 
to their works we now have a clearer understanding of global behavior in general 
Hamiltonian systems. 

Recently, Zheng Yong proved the existence of infinite many minimal homoclinics 
under a special premise in his paper [Zh]. But the rationality of this premise is 
still not well explained. We find his premise is deeply related to the property 
of a-function at the boundary of flat. In fact, the purpose of his premise is to 
make sure the existence of new measure at the boundary of flat. Our construction 
proves the existence of Hamiltonian system with new measure coming out at the 
boundary of flat in arbitrary degrees of freedom case. Moreover, in the case of two 
degrees of freedom, Hamiltonian systems with this property is stable under small 
perturbations of potential functions. 

In an arbitrary degrees of freedom case we can construct the following example: 

71-1 

(1.1) L(x, x) = (x,x) g + ui(x n ) + u 2 (x n ) y^(l - cosxi), 

i=i 



1991 Mathematics Subject Classification. Primary 37Jxx; Secondary 70Hxx. 
Key words and phrases. Aubry Mather theory, a function, mechanical systems. 
This work was partially supported by the National Basic Research Program of China (Grant 
No. 2007CB814800) and Natural Scientific Foundation of China (Grant No. 10971093). 



1 



2 



JIANLU ZHANG 



here the precise form of the Riemannian metric g and potential function will be 
given in the later section. With the help of this example we get our main result as 
following: 

Theorem 1.1. In the case of n degrees of freedom, there exist u\,U2 and Riemann- 
ian metric g such that the a function of has a flat ¥ of full dimension at the 
lowest energy level. There are 2™~ 1 points Ci(i = 1,2,- •• , 2™~ 1 ) at the boundary 
of the flat with respect to which the Mather set Ai(ci) supports at n — 1 new mini- 
mizing measures. Besides, all of the new minimizing measures have non-vanishing 
rotation vectors different from each other. 

Remark 1.2. By modifying the Remannian metric g we can make all the new mini- 
mizing measures ergodic. Then we actually get n — 1 ergodic minimizing measures 
besides the one supported on fixed point. 

Remark 1.3. Besides, we can see that in the following section this phenomenon also 
happens at a higher energy level flat. 

Theorem 1.4. In the case of two degrees of freedom, this example is also stable 
under perturbations of potential functions. 

We say a property is open in the sense of Mane if there is a open subset O C 
C°°(M, R) such that the property holds for all the Tonelli Lagrangian L — u,u£ O. 
Then we san easily get the following conclusion: 

Corollary 1.5. The following property is open in the sense of Mane of a two de- 
grees of freedom case: 

There is a full- dimensional flat F corresponding to Mane critical value at the bound- 
ary of which the a function is not differentiate. 

The paper is outlined as follows. In Section 2, we state the main background 
information and tools. In Section 3, we give the construction of the examples. 
We also give the proof of stability in the case of two degrees of freedom and some 
remarks in Section 4. 



2. Basic assumptions 

2.1. Tonelli Lagrangian. Let M be a smooth closed manifold. We consider a 
Lagrangian L(x,v) £ C r (TM,M.) (r > 2), which satisfies: 

• convexity : the Hessian matrix is positive definiteness; 

• superlinearity : lim ^ii"" 1 = oo uniformly with respect to x £ M; 

\\v\\ >oc " ' 

Usually we take the manifold M as T™, and (x, x) is the local coordinate. It is well 
known that the Euler-Lagrangian equation is given by: 

d dL dL 

For c £ H 1 (T™ , R) , we also denote the Tonelli Lagrangian by L — c, which also has 
the previous three properties. 
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2.2. Mather Theory. Mather defined the minimizing measure /i as a probability 
measure which is supported on the orbits of Euler-Lagrangian equation and satisfies 
J Ld[i = min„ J Ldv. So we can denote the a function a(c) and its dual /3(h) 
function as: 

a : H 1 (M, R) -> R, a(c) = - min / L — cdfi. 

^ JTM 

Here fi is a invariant probability measure. 

(3 : ffi(M,R) -> R, /3(h) = min / Ldft. 

p{\A = h JTM 

The two functions are both continuous, convex and superlinear. In fact, they 
are conjugated with each other in the sense of Legendre transformation [Mat j . [R] . 
From basic convex analysis knowledge we know that if there exists some point on 
the boundary of the flat at which the a(c) function is not differentiable, then there 
must be extra minimizing measures with non vanishing rotation vectors coming out. 
Hence, we just need to construct an example whose a function is not differentiable 
at some point of the boundary of the flat. 



3. Construction of the example 

3.1. the lowest energy level case. We construct the Lagrangian as follows. 

n-i 

L(x,x) = (±,x) g + u\(x n ) + u 2 (x n ) 2J(1 - cos a;^ 



where (x, i) 6 T™ x R 71 and x = (x±, x%, . . . , x n ). U2(x n ), u\{x n ) and the Riemann- 
ian metric g are constructed as follows. 

First, we make several channels on the T™ along the n-th coordinate x n . 



f channel A:Fx[-£ ) £] 1 T= M/2tt, 
^ channel ^ : T« x [^-^,^ + ^1, i = 1,2,- ■ -n- 1, 
[channel C, : T« x - ^ + j = 1,2, 



obviously, channel Bi and Cj are just constructed by shifting channel A along the 
x n coordinate. It is easy to see that A and Bi are separated by Cj. 

0, x n in channel A, 
(3.1) Ui(x n ) = ^ K 3> 1, x n in channel Cj and j = 1, 2, • • • n, 

< 5j <C if , x n in channel and i = 1, 2, • • • n — 1, 

where the values of 5, will be given later (in fact it is enough to take < 8 < h) 
and u\(x n ) can be made smooth enough. 



1, x n in channel A, 

0, x n out of some small neighborhood of channel A, 



(3.2) u 2 {x n ) 
and we can also make U2(x n ) smooth enough. 
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At last, we construct the Ricmannian metric (x,x) g — X^=i a i( x ) 2x i as follows: 



G 



( a\{x) ••• \ 
a 2 2 (x) 



•• 

V a 2 n (x) J 

is the metric matrix which is diagonal. For x n in channel A, 

G = Id nxn 

For x n in channel Cj, j = 1, 2, . . . , n, 

( K ••• \ 
0X00 



G = 











V OK/ 

For a;„ in channel -B/c, fc = 1, 2, . . . , n — 1, 



(I o 




G 



••• 

* ? 
••• i 





V o 







••• \ 

... o 

... o 



'■. 

g J 



where \ is on the fc-th row and fc-th column. 

The projection along the n-th coordinate p : T™ — > T™ -1 induces a homomor- 
phism of the cohomology map p* : iJ^T™- 1 , M) — > ^(T^R). Let U = Im(p*) 
as the subset of the iJ 1 (T",K) with the n-th coordinate c n = 0. 

We denote the restriction of Lagrangian L on the channels A, Bi and Cj by 
LA,LB t and Lc r Also we could use a^(c), a^, (c) and «Cj ( c ) to denote the a 
function of L restricted to A, Bi, Cj separately, here c G H. 

Moreover, we could calculate (Xa(c), ag^c) and acAc). 



a A (c) 



= — min J La — cdfi, 

/n—l n—l 
(v, v) g + ^(1 - cos a;i) - ^2 CiVidfi, 
i=i i=i 

/n—l 
i=i 

n—l 

= — min / (i 

i=i J 

n—l 

= — ^ min / (vf + (1 — cosxi) — avi)d/j,. 



" 2 + (1 - cosxi) - CiVi)dp, 
•■ 2 ' (1 — cosxi) — avi)dfi, 
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It is easy to see that La consists of n — 1 independent pendulum systems. Hence, 
a A has a fiat at ^■} n - 1 C W. 

^BiCc) = — min J — cdfj, 

/n—l 
(v, v) g + 6i - C i v idl^ 
i=l 

n-1 



fe=i 



In fact, if we take <5; < ±, the level set 0^(0) C [-^, ^p]"" 1 C H. 

The following lemma gives the relationship between a function of L on T" and 
a function of L restricted to channel A and B^. 

Lemma 3.1. 

a L (c) = max {a A ,a Bi }, 

i—1.2,--- ,n— 1 

where c = (ci, C2, • • • , c n _i) e 77ns Lemma is still right under small perturba- 
tions of potential functions 



Proof. First, we have Ol(c) > oia{c), and «l(c) > as 4 (c). It follows since the 
action of the local minimizer is bigger than the global minimizer. Hence, 

oll{c) > max {a^,^}. 

i=l,2,-" ,n— 1 

On the other hand, from [Mn] we know that every minimizing measure can be 
approximated by a sequence of measures supported on absolutely continuous closed 
curves, so we just need to certify that every closed curve 7 in T™ has a larger action 
of the Lagrangian L — c* than its projection 7* to T™ _1 in some channel A or Bi, 
here c* = (c\, C2, • • • , c„_i, 0) G "H. It follows from 

L-c* - L-c* > af^l + ui(x n ) 

J *y J J 

> 0. 

Hence, 

a L (c) < max {a A ,a Bi }- (*) 

i=l,2,-" ,n— 1 

If another Lagrangian L' is C 1 close to L, i.e. L' = L + V(x) and ||l^|| r < e <C 
5i,i = 1, 2, • • • , n — 1. If the closed curve 7 is just in channel A, (*) is still right. 
If 7 crosses completely one Bi, then we project the part outside of channel A to 
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channel A with the n — th coordinate constant, which is denoted by (7 fl A c )* and: 

L' — c* — [ L'-c*> [ Ca 2 n + C 2 
7nA<= J(^nA a )* JjnA c 

> c 2 (t 2 ~Tt)+ r r ut 

J-2- J-X JTi JT! 



>C 2 (T 2 -T 1 ) + -^-([ T2 %dtf 

> 2VC1C2 • width{Bi) 
>0, 

here C\ and C 2 could be both positive if we take e sufficiently small. Therefore, 
the lemma is proved. □ 

Remark 3.2. The stability property under perturbation in this lemma will be used 
in the next section. Also we can see [5] for more details about this Lemma. 

Now, we have constructed our first example of n degrees of freedom. First, 
a^ 1 (0) is a lowest flat of n — 1 dimensions, here c € %. This is because ob,(c) = 
Si + EVi 164 - 12c? and <(0) C [-*&, C H. 

Second, we could find 2"~ 2 pairs of points which are diametrical with each 
other at the boundary of the flat. Also at these points the oll(c) funtion is not 
differentiable along at least n — 1 different directions, since the ag^c) functions 

cross the flat [— downward and «i(c) = m.aXi—i j 2,- -, n -i{ a AjO'B i }- 
The following graph shows the a function on the section of H: 

More precisely, the coordinates of these points are easy to write when (Si = h): 
1 1 1 

v/8(4n - 7) = ' ± y/8(in - 7j' " ' J± y/8(An- 7) 



At each point, there are n — 1 more measures besides the fix points in channel A. 
Notice that there is not only one fixed point in the channel A, but we can shrink 
channel A to just one line {x n = 0} since x n ia a free variable. Also we can see that 
the extra n — 1 new measures are all Lagrangian invariant torus consist of periodic 
orbits, but we can change the Riemannian metric in the channel Bi to make all the 
new measures quasi-periodic KAM torus. 

At last, we show that the lowest level flat is indeed of full dimensions. That's 
because in the interior of the flat, we have: 

M(c)=Sf(c), VcemtF, 

and we also knows that M.(c) just consists of the fixed points. So we could make 
use of the upper semi-continuous property of the M(c) and expand the flat along 
the directions of Hi(M,A(0),M). We also recall that all the level set {c|a(c) < h} 
is a convex set. So in fact we get a full dimensional flat at the lowest level. See |Zh] 
for more details, but for the sake of completeness we also give our proof below: 

Lemma 3.3. If c € H C Hi(T n ,M.), there exists sufficient small A -C 1, such that 
there exists aflat [—Ac, Ac] along the direction of c. 
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Proof. By the upper semi-continuity of set- valued function c — > A/"(c), we know 
for sufficiently small A, Af(Xc) is still in channel A because A4(Q) = A(0) = Af(0) = 
{0} G MP. Then: 

-a(Ac) = J L - Xcdfixc = J Ld^i Xc - (Ac, [/i Ac ]) = / Ldfi\ c > J Ld^o = -"(0), 

so we have a(±Ac) < a(0), where the —Ac case is the same with Ac. We get 
a(±Ac) = a(0) because of the convexity, and then a.£,(c) has a full dimensional flat 
at the lowest energy level. □ 

3.2. the higher energy level case. Now, we show that the same phenomenon 
can happen at a higher energy level. 

For the sake of simplicity, we set n = 3 and it's easy to generalize the example 
to a higher dimensional casefn > 3). We could take the Lagrangian as: 

L(x, x) = ^a 1 (x)(x 1 - l) 2 + ^a 2 (x)±l + ^a 3 (x)±l + ui(x 3 ) + u 2 {x 3 )(l - cosx 2 ) 

We just need set two C-type channels , one A-type channel and one B-type channel. 
The settlement of u\ and u 2 is the same with the previous subsection. Since we 
still restrict the cohomology to H, so we have ±3 = and: 

L Ci > -(xi - l) 2 + K, » = 1,2, 



and 



Lb = -Ail - l) 2 + x 2 2 + 5, 



L A = - l) 2 + ^a; 2 + (1 - cosa; 2 ). 



Then Lemma T3. II is still valid: 



Based on our calculation and the restriction C3 = 0, the set {a a — 0} is (0, [— 
which is a flat of one dimension. And {a^ = 0} is an elliptical curve with expression 
as 

Restrict to c\ = and we find that the elliptical curve go across {au = 0} from 
inner with the intersection points' coordinates (0, ±2vo, 0). For the purpose of 
showing that oil is not differentiable at this two points (in fact we just need show 
that for one point), we need to calculate the directional derivative along ~& 2 . 

0+ a L (0, 2V6,0) = % a B (0, 2^5, 0) = VS, 

and on the other hand 

dga L (0, 2V5, 0) = dg 2 a A (0, 2VS, 0) = 0. 

So oil (0, 2«/5, 0) is not differentiable along the direction e 2 . That means at this 
point (0, 2y/S y 0), there exists an extra minimizing measure besides the closed curves 
T x {0} x {0} which is of a different homology. 
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Remark 3.4. With the upper semi-continuous property of the Af(c), we can see that 
in the case of three degrees of freedom the fiat is in fact of two dimensions Zh . The 
following graph shows the exact situation of the flat. 




Figure 1. 



4. Stability of the two degrees of freedom case 

In this section we prove the stability of the example under perturbation of poten- 
tial functions in the case of two degrees of freedom. We take e<T 2 «i<l, and 
shrink the width of channel A and B to the order of 0(e) for the sake of simplify, 
and r is used to control the potential function's value. Later we will explain their 
usage precisely. A ball in C r (M, R) centered at "0" with a radius of e is denoted 
by -B(0, e). Any perturbation function V(x) in it can't break the intersection prop- 
erty of a a and o>b but just deform them of a e order change. This is because the 
continuity of a- function with respect to Lagrangian L (see the following graphs). 




Figure 2. 



So in a small neighborhood of point a, there is still an intersection point a' of 
&L'.A an d ccl' ,Bi here V = L + V. With the help of Legendre transformation, the 
Hamiltonian H ' dual to L' is still a quadratic mechanical system, so the a function 
is axial symmetry. So we just deal with a' point and we can also get the same 
conclusion of 6'. As is known, the maximal potential value is equal to a' L , ^(0), 
which is the minimizing value of a' L , A function [Carj . Without lose of generality, 
we suppose this value is still 0. If not, we can add a constant to L + V without 
influencing the property of a function. 
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Still restrict to T-L, the curve a'o may be no longer a straight line, we will consider 
the straight case and atL',A{a!) > <xl',a(0) — case separately in the following and 
both disprove them. From Lemma 13.11 we know M(a') have at least two ergodic 
minimizing measures, one in channel A and the other in channel B. We denote the 
one in channel A by fi a ',A and the other ^ a ',B- From the construction of channel 
A, the support of this measure can only be a periodic orbit with a rotation vector 
(hi,0) because of the restriction of homology. 

If h\ = 0, we could see that the curve a'o is in fact a straight line and from 
[Mas] we know .4(0) C A(a'). But e <C 6, so [i a > .b couldn't have a trivial homology 
because of the convexity of the oil 1 ,b- So we get that not only a'ob' is straight, but 
also a 1,1 is not differential along H direction. So we get the stability of the example. 

If hi > 0(the same with hi < 0), we let a' — > a" , here a" is the first point 
with a.1,1 ,A( a ") = 0. Here the case a" = is possible. Then we know that [o",0] 
is a flat and M(0) C A(a"), and A{a") \ M{0) ^ 0[Zh]. Then there must exist a 
homoclinic orbit or a periodic orbit in A(a"). 




Figure 3. 



For the homoclinic case, because the maximal value points contain in a neighbor- 
hood of (0, 0) of a radius of order 0(e) (that's why we shrink the width of channel 
A,B), the minimizing homoclinic is asymptotic to this neighborhood 5(0, e). For 




r — neighborhood 



Figure 4. 

any c £ [a' , a"], A4(c) can only be made up of periodic orbits in channel A. Under 
the weak topology of probability measures, there exists a sequence c„ — > a" and 
Hl 1 ,c„ — v A*L',o € A4(0). And the minimizing homoclinic orbit 7 is contained in the 
Hausdorff limit of supp{fj, Cn } . As 7 is a static orbit in A(a"), so 

/+00 
L'( 1 ,-y)dt=(a",[ 7 }), 
-00 

here the (,) is the inner product induced by de Rham. In fact, (a", [7]) is really a 
scalar product because the homology of channel A and a" e H. As e <C r 2 <C S <C 1, 
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we have 

/+oo r+oo 
L'( 7 ,j)dt= (7,7) fl +«i(7a(*)) 
-oo J — oo 

+ u 2 (j 2 (t))(l - cos(7i(t))) + V(j(t))dt 
>[ (7i 2 + 72 2 )+«i(72W) 

J-T 

+ «2(7a(*))(l - cos( 7l (i))) + K(7(t))dt, 

here 7 |[-t,t] is the part of 7 outside the O(r) neighborhood of (0,0). Recall that 
e < r 2 <C (5 < 1, we can get a positive lower bound of potential function out of 
O(t) neighborhood of (0,0). As we have supposed max xe A — ui(x) — U2(x)(l — 
cos(x)) — V(x) = 0, and the width of channel A is of order O(e), we have: 

r+T 

(7i 2 + 72 2 )+"i(72(i)) + w 2 (72(i))(l - cos(7i(t))) + V(^(t))dt 

r+T 

> ji 2 + 1 - cost - edt 

J-T 

1-cosr-e 
71 H ; «7i 

7i 



>2(2?r - 2r)Vl - cost - e, 
here (71,72) is the coordinate of 7. 
At the same time, we have: 

(a",[7])=o"7ri([ 7 ]) 



>2(2vr - 2r)Vl - cost - e, 

because [7] = (1,0). We already have a" < a'. Specially we take r = ^ir, then 
2(27r — 2t)-\/1 — cost — e > ^. But the Riemannian metric can be modified in 
channel B to make a' < ^ and there will be a contradiction to our assumption. 

For the periodic orbit case, we can give a same proof as above. And we just need 
to modify the integral lower and upper bounds to finite in (I4.1[) and (|4.2|) to get a 
same contradiction. So we get the stability property of the example in the case of 
two degrees of freedom. 

Acknowledgement The author thanks Prof. C.Q.Cheng and W.Cheng for talking 
about the details and suggestions. 
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